. Tucker (1980) summarized thetraditional geardesigntradeoff between involute interference and toothbendingstrength. The traditional method yieldedmany successful geardesignswithoutthe aidof a digital compute. Savage etal.0982 ) appliedcomputeroptimization to f'mdthe compact gear mesh designswhich balanceresistance to geartoothbending,gear surfacepitting, and geartipscoring. Carroll and Johnson (1984) extendedthisapproachtosearchintheactual designspace of whole toothgearswith theAGMA bendingstrength formulas.In a preliminary effort tothisresearch, Savage etal.(1991) appliedthemodified gradient optimization procedureof thiswork tothe compact gear mesh designproblem. Similarresults toearlier optimization studies were obtained.Ea'ichvllo 0989) adaptedtheoptimalgeardesigndemrruination of minimum weight gearsback toa hand calculation proc©duns. Once a designoptimum has been identified, he rightly states that similar designscan be obtainedwithoutretracing theoptimization path for each design.
However, optimization with the assistance of the modern digital computer offers a designer the opportunity to expand the scope of the gear selection process.
Initial efforts in optimal gear design have focused on the gears due to the complexity of the gear mesh and its loading. One logical extansion is to treat the entins mmsmi, ion as a complet_ system.
In aircraft transmissions, service life between overhauls is affected mainly by the lives of the bearings which support the gears (Astridge and Savage, 1990; and L_wickietal., 1986) . Instead of designing optimalgearsand then sizing bearings and supportshafts to accommodam thegears, a better approachwould be tode.sign thetransmission as an optimizedsystem composed of gears, bearings, and shafts. The overallservicelife, weight,and sizeofthereduction arcmore important properties thanthe life, weight,and sizeof any component. Lundberg and Palmgren (1952) davelopeda theory forthelife and capacity of balland roller bearings.This life model isbased on the two-parameter Weibullstatistical distribution (Weibull,1951) and isthe inten'national standardforbearinglife and capacity calculations (Harris, 1984) . Coy etal.(1976) extendedthis theorytodescribe thepitting fatigue life of spurgears. In turbine powcaed transmissions which see little shock loading, thepitting fatigue ofthegear teethisthedominant life parameterforgearsdesignedto withstand toothbreakageand scoring. The pitting mode of failure exhibits no threshold strength for infinite life. Savage etal.(1989) combined thewsmodels intoa system life model based on the two-parameter Weibulldistribution fortransmissions composed of bearingsand gears. This system model enablesthe design of a transmission forlong service life incombinationwith othertransmissionproperties such as low weightand compact size.
Many optimization techniques are available from zeroorderrandom search procedures through f'trst order gradient and modified gradient procedures to more complex higher order procedures CCanderplaats, 1984) . A modification of the feasible directions gradiem method of Zoutendijk (1960) provides balance I_tween algorithm complexity and efficiency for the desk top computing environment.
All discrete variables and parameters are fit with continuous polynomials to allow gradient calculations.
After finding a continuous optimum, one can select and analyze proximate realistic designs.
This paper describes the compu_rized optimal design of an enclosed parallel shaft spur gear reduction. The reduction should transmit an input torque and speed to an output shaft at a given reduction ratio. Standard hall or roller bearings may support the input and output shafts in one of several pre-selected configurations.
Inequality constraints restrict the designs to have adequate tooth bending strength, tooth scoring resistance, involute contact geometry, and shaft strength and stiffness at the full AGMA estimated dynamic load (AGMA Standard, 1988). Independent design parameters include the gear mesh diametral pitch and face width, the number of teeth on the pinion, the axial locations of the four support bearings, and both shaft diameters.
The merit function for this study is the transmission life divided by the cubed product of the component weights and the transmission volume. This combined objective criterion yields compact designs with long lives. After finding a continuous optimum, the program displays the values and properties so the designer can modify the design by selecting nearby realistic parameter values. The program checks and displays the modified design and once again, gives the designer the opportunity for modification.
Optimal designs are reported and compared.
TRANSMISSION MODEL

Configurations
The transmission configurations for _=sign are variations of the single mesh spur gear reduction.
An input shaft supports a pinion on two rolling element bearings, and an output shaft supports a larger gear on two more rolling element bearings. Standard 100-, 200-, or 300series ball or roller bearings may support the input and output shafts. The bearing type and series are specified for a given design as arv the bearing tife and capacity adjustment factors. Designs with all ball bearing support, all roller bearing support, and a mixture of ball and roller bearing support on each shaft are possible.
Three bearing support configuration geometries, shown in Fig. 1 , are treated as separate design problems. These configurations are: (1) Overhung support for both gsars with the pinion support bearings on one side and the gear support bearings on the other side (2) Overhung support for both gears with all supporting bearings on the same side of the two gears (3) Straddle support for both the pinion and gear. For all configurations, the total gear mesh force acts along the line of action with radial and tangential components in the direction of the 
Gear Strength
The bending fatigue model uses the AGMA I factor (AGMA Standard, 1988) to estimate the bending stress with the load at the highest point of single tooth loading on the pinion. The load is estimated as the full dynamic load, Fd, using the AGMA velocity factor model (AGMA Standard, 1988). The formula for the bending stress is:
The maximum contact stress and gear tip Hertzian pressure are calculated as:
7rfcos, l-v2p l-v2g
4-
The maximum contact stressoccurs at the lowest point of single tooth contact on the pinion tooth. The gear tip Hertzian pressure uses one half of the total dynamic load since the load is shared between two tooth pairs at this point.
The gear tip scoring model includes the pressure times velocity factor and the critical oil scoring temperature model from lubrication theory. The normal pressure times sliding velocity is proportional to the frictional power loss of the gear seL This factor is the highest for contact at the gear tip, where the normal pressure is the gear tip Hertzian pressure.
Life
The life model comes from rolling element bearings (Lundberg and Palmgren, 1952) . Lundberg mad Palmgren determined that the scatter in the life of a bearing can be modeled with a two-paremeter Weibull distribution:
In terms of a 90-percent probability of survival life, Rt0, the twoparameter Weibull distribution is:
The life to reliability relationship of Bq. (4) is for a specific toad which determines the _t0 life. This load, F, is related to the component dynamic capacity, C, as: (5) Sincethe life at the dynamic capacity is one millionloadcycles, itdoes notappear as a variable intheequation.
The Roiling-Elements Committee of the Lubrication Divisionof the ASME modifiedEq. (5)with adjustmentfactors (Bamberger etal., 1971) . These factors extend Eq. (5)to cover many different end use situations so that designers can size bearings properly. The revised code equation for _10,a, the adjusted 90-percent reliability life for the bearing, is: a C (6) In F.q. (4), the Weibull slope, b, is normally 10/9 for ball and 9/8 for straight roller bearings, and in Eqs. (5) and (6), the load-life exponent, p, is 3.0 for ball bearings and 3.33 for miler bearings.
Gear tooth pitting failures are similar to bearing failures, with the possible difference of surface initiation.
So the two-parameter Weibuil distribution also describes the scatter in gear life with a different Weibull slope. The life of a gear, _t0a' is relat, d to the life of a tooth on the gear, It0,t, by: _10,g" _lo,t
A relationship forthedynamic capacity, Ct,of a spurgear toothas a function of Buckingham's Inad-stress factor, B, which has thedimensional unitsof stress (AGMA Standard,1988) is:
The dynamic capacity of thegear,Cg, interms of thedynamic capacity of a single tooth, C t,is: 
Drive system reliabiliv/, R v is a strict series probability of all the component reliabilities (Savage, et al., 1989) , which makes it the product of the reliabilities of all the components.
The system life can also be expressed as a two-parameter Weibull distribution in terms of the system reliability parameters, bs and _10,s:
(10)
In termsof the_I0lifo, the mean time between overhaulsforfulltransmissionreplacement isthemean life, which iscalculated usingthe gamma function:
(In(uo.9)) _'
Size Two measuresof transmission sizeareincorporated inthemerit function:component weightsand transmission volume. The component weightsinclude the weightsof steeldiscswiththeoutlines of thecomporumts. Alldiscsarehollow with theshaftoutside diametertaken as the inside diameter of the gears and bearings and the shaft inside diameter being i/2 in. less than the outside diameter. The second measure of transmission size is the volume of the smallest rectangular solid which includes the two gears and four bearings.
The bearing properties of outside diameter, width, and dynamic capacity are expanded from catalog data (Harris, 1984) with low-order polynomial curves. The polynomials describe continuous properties which increase monotonically with bearing bore for the gradient calculations. On checking the designs, a table look up of prope_ies for standard size bearings produces practical bearing characteristics.
OPTIMIZATION METHOD
As with most optimization techniques, the procedure begins with several vectors. These vectors are the independent design variables, X; the inequality constraints, V; the parametersof the merit function, P;and the constants which define the specific problem, C. An optimization solution is the design variable values, X, which minimize or maximize the merit function value while maintaining all constraint values, V, inside their specified limits. A procedure starts with a guess for the design variable, X, and iterates with some logic to find the optimal design variable.
To maintain balance among the independent design parameters, the design space is scaled into a continuous, dimensionless design space. The scaled design parameters, Y, vary from -1.0 to + 1.0 as specified by upper and lower bounds on the independent design parameters, X.
Gradient
Central to the method is the gradient calculation. This is performed with small perturbations in the design variables from the nominal position.
The gradient in the merit function, VM, is the vector of partial derivatives in the merit furmtion, M, with respect to the scaled design variables, Yi" The magnitude of the gradient vector is given by:
For minimization, the direction of change in Y which reduces the merit function, M, at the greatest rate is determined by the unit vector, Vm:
For rnaxim_tion, the sign in Eq. (13) reverses. In the simple gradient method, Eq. (13) defines the direction for the step change in the scaled design vector.
where AS is the scalar magnitude of the step. If no constraints arc violated, this will be the next value for Y in the search.
Step size, AS, is a significant element of any optimization procedure (Vanderplaats, 1984) . For stability and direcmess, the step size is nominally fixed. Initially, the step size is 5 percent of the range of a single design parameter. But the procedure halves the step whenever a local minimum is reached or the search it trapped in a constraint comer. On completion, the search declare, a solution when the percent change in the merit function, M, is less than a pre-set limit.
(15)
Initial Value
The optimization procedure described above is scaled, fixed step, and steepest decent. When the initial guess is in the acceptable design space, and the optimum is a relative minimum, this method works quite well. However, placing the initial guess in the acceptable design region is often difficult.
Also when the best design is determined by a "tredeoff" among conflicting design constraints at the edge of the feasible design space, a direct merit function gradient iteration cannot slide along the constraint boundary toward the optimum.
These problems are addressed with a second gradient in a constraint variable:
Wk
(16) Vv k =where Vv k is a unit vector in the direction of decreasing value in the constraint, Vg. For upper bound constraints, moving through the design space in the direction of Vv k reduces the constraint value V k. For lower bound constraints, a sign reversal in Eq. (16) produces an increase in the constraint value, Vk, for motion in the gradient direction. The vector sum of the gradients in the violated constraints, Vh, is the second gradient of the algorithm:
The gradient in the violated constraints, Vla, points towardsthe acceptable design space from the unacceptable design space. By itself, it enables the algorithm to turn an unacceptable initial guess into an acceptable trial design by a succession of steps:
Feasible Direction
Once inside the acceptable design region, the algorithm proceeds along the steepest descent direction until the calculated step places the next trial outside the acceptable design space. To avoid this condition, the algorithm selects a feasible direction for the next step. Figure 2 shows a constraim limit intersecting contour lines of improving merit function values. The figure shows gradients in the merit function, era, and the impending constraint, Vh. The feasible direction selected, Vf, is the unit vector sum of these two gradients:
And the next design step becomes: 
Algorithm Use
By using subroutines to calculate the merit function and constraint values for each design trial, the procedure separates the logic of the algorithm from the analysis necessary to define the problem. This allows the design problem to be changed without concern for the optimization procedure. The directness of the procedure adds additional steps, but enables the program to run on a personal computer. An additional benefit of separating the analysis routines from the optimization logic is the ability to modify the design at execution and verify the characteristics of similar, more practical designs with the same program.
The optimization procedure works with a continuous design space, which includes gears with fractions of teeth and nonstandard bearings. By allowing the user to see the ideal continuous variable solution and to modify this to designs with whole numbers of teeth and standard sizes, the procedure enables a designer to determine a practical optimum design easily.
TRANSMISSION DESIGN
Consider the design of a 2:1 gear reduction to transmit an input torque of 600 ib/in, at 1000 rpm at a power level of 9.5 hp. Due to the higherloadsnearthegears, roller bearings am placedadjacent to the pinionand gearand lowercapacity ballbearingsareplacedatthemore lightly loadedoutboardpositions.
Designs are obtained with all bearings of the same series or with miler bearings of one series and lighter series bali bearings. Support configurations include opposite overhung support, single-sided overhung support and straddle support as shown in Fig. 1 .
Nine
problem:
(I) (2) (3) (4) (5) (6) independent design variables were used for the design Gear diametral pitch (1/in.), Pd Gear mesh face width (in.), f
Number of pinion teeth, Np
Distance from the pinion to its miler bearing (in.), Ap Distance from the pinion to its ball bearing (in.), Bp Distance from the gear to its roller bearing (in.), Ag (7) Distance from the gear to its ball bearing (in.), Bg (8) Pinion shaft diameter (in.), Dp (9) Gear shaft diameter (in.), D=. The first three determine the gear design and the last six define the location and size of the support bearings. Figure 3 shows these location and size parameters.
The number of teeth on the gear is twice that on the pinion and the gear center distance, C, is three-halves of the number of teeth on the pinion divided by the diametral pitch.
The design constraints include:
(1) Pinion tooth bending strength limit (Savage et al., 1991) (2) Gear tooth surface contact stress limits (Savage et al., 1991) (3) Gear scoring limits of contact pressure times sliding velocity and oil flash temperature (Savage et al., 1991) (4) Involute interference avoidance limit (Savage et ai., 1982) (5) Minimum axial clearance between the pinion or gear and its roller bearing equal to one-half the combined width of the gear and bearing (6) Shaft outside diameter limit below the maximum gear rim diameter for a rim thickness equal to three-halves of the tooth height (7) Maximum pinion or gear slope limit (Young, 1989) (8) Maximum pinion or gear deflection limit (Young, 1989) .
For the single-sided overhung support and straddle support cases, an additional constraint is added which limits the sum of the maximum pinion bearing outside diameter and the maximum gear bearing outside diameter to be less than twice the center distance by a specified clearance.
•
The merit function to be maximized in the design is the transmission life as measured by its mean time to failure divided by the cube of the product of the transmission volume and the weight of its components. 
Dp
Exampt_
For a first try at this design problem, a different merit function of life divided by volume and weight was used. In this case, the bearing life dominated the designs. A trade-off design, for which the merit function is at a relative maximum, was reached, but the design was lightly loaded and large. Figure 4 is a schematic of the overhung bearing design for 300-series roller bearings close to the gears and 200oseries ball bearings away from the gears. A l-in. square box is included for scaling. The gears are thin and of large diameter with a face width of 0.1875 in. and a center distance of 12.75 in. Table I This transmission configuration favors the bearings. Large diameter gears with thin widths carry small loads. Large shaft diameters and small bearing overhangs place strong bearings under minimum load to maximize the life of the inboard roller beatings.
!
Since these are the most heavily loaded bearings in the transmission, maximizing the life of the weakest component, maximizes the lifo of the transmission.
In obtaining this design, the pinion and gear shaft diameters were increased from the initial values to improve the bearing capacities. In the final constraint summary, the active constraints were the axial clearances between the roller bearings and the pinion and gear. Bringing these bearings as close as possible to the two gears reduced the loading on the bearings while enlarging the shaft diameters increased their capacities. The transmission has a volume of 6345 in. 3 and a component weight sum of 44.6 lb. The gears are not loaded to their capacity with a pinion bending stress of 85 percent allowable and a maximum surface contact pressure of two-thirds the limit.
When the optimizing program used the merit function of the transmission life divided by the cube of the product of the transmission volume and weight, the selected designs were smaller and had more balance between the gear and bearing capacities. Figure 5 is a schematic diagram of the design for the same conditions as that of Fig. J , with only the merit function changed.
A shorter life of 55 970 hr or 6.4 years of continuous service is available from a gearbox which is smaller at 710 in. 3 and lighter with 21.2 lb of components.
The design also has changed shape with the gears having a greater face width of 0.75 in. and smaller center distance of 4.5 in. The parameters of this design are listed in the third column of Table I . 
CONCLUSIONS
Optimization has been applied to the design of a transmission in the form of a single gear mesh reduction with its two support shafts and four support bearings using a system description of the transmission.
The object of the design was to determine a small, light-weight transmission with a long service life. System models of the transmission's mean service life, volume, and component weights were obtained.
Three configurations of the transmission were treated: double overhung, single sided overhung, and straddlesupport. Nine independent design parameters and 26 different design constraints were applied in the optimization.
The merit function was the transmission life divided by the cube of the product of the volume and weight. 
